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Abstract. We prove a Hormander type multiplier theorem for multilinear Fourier 
multipiers with multiple weights. We also give weighted estimates for their commutators 
with vector BM O functions. 
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1 Introduction and Main Results 

The multilinear C alder on- Zygmund theory was first studied in Coifman and Meyer's works 
[21 [3] . And it has been widely studied in harmonic analysis by many authors since Lacey 
and Thiele's work |X6|, [T7] on the bilinear Hilbert transform. For an overview, we refer to 
[H El El [101 HSl HH HSJ Hal El] and references therein. 

In this paper, we study the boundedness of multilinear Fourier multipliers. Speficically, 
we consider the iV-linear Fourier multiplier operator T m defined by 

T m {fi,--- Jn)(x) 

e 2*ix-(€i+»-+fcr) TO (£ lj . . . ,6v)/i(£i) • • • MZnWi ■■■d^N 



for /i, • • • , f N G ^(M n ), where m E C s {R Nn \ {0}) satisfies 

K 1 ■ ■ ■ C m (^> ■■■>Zn)\< C ai ,.. , ajv (|a| + • • • + |6v|)- (|ai|+ - +|ajv|) (1.1) 

for all | ai| + • • • + |ajv| < s, and N > 2 is an integer. 

In [2J, Coifman and Meyer proved that if s is a sufficient large integer, then T m is 
bounded from L Pl (R n ) x • • • x L PN (W 1 ) to L p (R n ) for all 1< pi, ■ ■ ■ ,p N ,p < oo satisfying 
1/pi H h 1/pn = 

In [20], Tomita gave a Hormander type theorem for multilinear Fourier multipliers. 
As a consequence, T m is bounded from L pl (R n ) x • • • x L PN (R n ) to L p (R n ) for all 1 < 
Pli • • • ,Pn,P < oo satisfying 1/pi + • • • + 1/pn = 1/p with s = [Nn/2\ + 1 in (ll.ip . where 
[iVn/2j is the integer part of Nn/2. Grafakos and Si |11| gave similar results for the case 
P < 1 by using L r -based Sobolev spaces, 1 < r < 2. 

In [8], Fujita and Tomita studied the weighted estimates of T m under the Hormander 
condition and classical A p weights. 
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In [18], Lerner, Ombrosi, Perez, Torres and Trujillo- Gonzalez introduced the Ap con- 
dition for multiple weights. 

Definition 1.1 Let P = (p\, ■ ■ ■ ,Pn) with 1 < p\, ■ ■ ■ ,pjy < oo and \/p\ + • • • + 1/pn = 
1/p. Given w = (u>i, ■■■ ,wn). Set 

N 

p/Pi 



n 



ur 



We say that w satisfies the Ap condition if 



l/.,V"[l(lf..,wY« 



s nw\J^) l}Aw\J Q w > 1 <ro - (L2) 

\ 1/p' 
i-p'A 1 



When pi = 1, [jq\Jq w i * ) ^ s understood as (infQ -u^) -1 . 



In [T] , Bui and Duong studied the boundedness of T m with multiple weights under the 
condition (jl.ip . And they also gave a result on commutators. 

In this paper, we consider the weighted estimates of T m with multiple weights. Instead 
of (jl.ip . we consider the Hormander condition. Moreover, we do not assume that s is an 
integer. To be precise, we prove the following. 

Theorem 1.2 Let P = (pi, ■ ■ ■ ,pn) with 1 < pi, ■ ■ ■ ,pn < oo and 1/pi + • • • + 1/pn = 
1/p. Suppose that Nn/2 < s < Nn, that m G L°°(R Nn ) with 

sup ||m(J^)x/i<|£| <2 >llH«ci»^) < °°i ( L3 ) 

R>0 



that ro := Nn/ s < p±, ■ ■ ■ ,pn < oo and that w G Ap,. Then 

N 

\\T m (f)\\LP(v.) < C]J UWm^y (1-4) 



i=i 



Recall that the Sobolev space H s consists of all / G y" such that 



H s := \\(I-Ay/ 2 f\\ L2 <oc, 



where (/-Ar/ 2 / = ^- 1 ((l+4vr 2 ^| 2 r/ 2 /(e))- If s is an integer, x £ |a| < s \\d a f\\ L 2. 

Corollary 1.3 Let 1 < pi,--- ,pn < oo with 1/pi + ••• + 1/pn = 1/.P- Suppose that 
Nn/2 < s < Nn, that m G L°°(R Nn ) satisfies flL3|), that 1 < p < oo, that p^ : = 
minjpi, • • • ,pn} < r b = {Nn/ s)' and that 

(w u --- ,w p _ 1 ,v]/r p ,wp +1 ,--- ,w N ) G , 
where P = (pi, • • • ,p^_ x ,p' ',Pr + \, ■ • • ,Pn)- Then (jl.4p holds. 
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Commutators are a class of non-convolution operators [31 [13]. Here we consider 
the commutator of a vector BMO function and the multilinear operator with multiple 
weights. Given a locally integrable vector function b = (&!,••• , &jv), we define the iV- 
linear commutator of 6 and iV-linear operator T m by 

where 

r , ? (/) = 6iT m (/) - r m (/i, • • • , bi/i, • • • , /iv). 

If 6 G BMO N , define ||6|| BMO w = sup i=1) ... )JV H^Ubmo- 

Theorem 1.4 Let the hypotheses be as that in Theorem \1.'A Suppose that b G BMO N . 
Then 

N 

< C\\b\\BMO* II WfiWmm)- (1-5) 

Corollary 1.5 Ze£ i/ie hypotheses be as that in Corollary \1.3l Suppose that b G BMO N . 
Then CE3]) ZioZds. 

In the rest of this paper, we give proofs for the above results. We write A < B if 
^4 < C.B for some positive constant C, depending on N, the dimension n, the Lebesgue 
exponents and possibly the weights. We write A x B if A < B and 5 < A. 

2 Proof of Main Results 

We begin with the definition of Hardy-Littlewood maximal function, 

Af(/)(x) = sup-L / \m\dy. 
The sharp maximal function is defined by 

M*(/)(s) = supinf rL [ \m-c\dy. 

Q 3X CGR \Q\ Jq 

For 5 > 0, we also need the maximal function M 6 (f) = M(|/| 5 ) 1/<5 and M|(/) = 

MH\f\ 5 ) 1/5 . 

We use the following form of a classical result by Fefferman and Stein [7j. 

Proposition 2.1 Lei < p, 5 < oo and w G vloo- TTien f/iere exists S07TIC COTlstCLTlt C n p s w 
such that 

[ (M 5 f){xYw{x)dx < C n , pAw [ {Mlf)(xYw{x)dx. 
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For / = (/i, • • ■ , /tv) and p > 1, we define 



r-r / 1 f Y 

M p (f) = supH — / |/,(y,)r% 



The following proposition gives a necessary and sufficient condition for the boundedness 
of M p . 

Proposition 2.2 J7], Proposition 2.3] Let po > 1 and pi > pq for all i = 1, • • • , N and 
+ • • • + 1/pat = Then the inequality 

N 

ii^o(/iiu P (^)<cnii/iiu«K) 

4 = 1 

ZioWs i/ and onZy ifweAp,, where P/p = (pi/po, • • • ,Pn/po)- 
Next we introduce two properties of multiple weights. 

Proposition 2.3 fi&l Theorem 3.6] Let w = (w\,--- ,wn) and 1 < p\, ■■■ , pn < oo. 

T/ien G i/ and only if 



( — I \ ■ / . / ~ I . • • • V 

(2.1) 



Pl G Apjpi , i = l,---N, 



where the condition w\ Pl G ^4 Ay in the case Pi = 1 is understood as w\^ N G A\. 

The following result appears in |18[ Lemma 6.1]. For our purpose, we make a slight 
change. 

Proposition 2.4 Assume that w = (w%, ■ ■ ■ ,wn) satisfies the Ap condition, where P = 
(pi, • • • ,Pn) with 1 < pi, - ■ ■ ,pn < oo. Let Nn/2 < s < Nn. Then there exists a constant 
1 < r < min{pi, • • • , p^, s/(s — 1), 2s /(Nn)} such that w G Ap,. 



Proof. Since we need an accurate estimate of r, we sketch the proof of [181 Lemma 
6.1]. By using the reverse Holder inequality, it was shown in |18[ Lemma 6.1] that there 
exist constants c 4 - , t i > 1 such that 



.\Q\Jq 1 J ~\Q\ 

for all i = 1, • • ■ ,N. Let r 4 - be selected such that 



i 



1 ' Pi- 1 \ ^ c * / Pi- 1 



U 1 



ft - 1 77 " 1 

Then r = min{ri, • • • ,rjy} satisfies w G Apj r . By Holder's inequality, we can choose ti, 
and therefore r, be arbitrarily close to 1. Since both s/(s — 1) and 2s /(Nn) are greater 
than 1, we get the conclusion desired. □ 
The boundedness of multilinear Fourier multipliers was proved in [2j [TTJ [121 [20] . Here 
we cite a version in 1111. 
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Proposition 2.5 fill Theorem 1.1] Let 1 <pi,--- ,pn < oo and l/p±+- ■ - + 1/pn = l/p- 
Suppose that m <E L°°(R Nn ) satisfies ([0]). Then T m is bounded from L Pl (R n ) x ••• x 
LP N (W n ) to L p (R n ). 

The following lemma is the key to our main results. 

Lemma 2.6 Let the hypotheses be as that in Theorem \1.2\ and < 5 < Po/N, where 
Po = rro and r is the same as that appears in Proposition \2.4\ Then for all f in product 
of L qi (W l ) spaces with p < qx, ■ ■ ■ , q^ < oo, 

M\{T m {f))<CM P0 {f). (2.2) 

Proof. By Proposition \2A\ rro < 2. Consequently, po/N = rro/N < 1. Fix a point x 
and a cube Q such that x S Q. It suffices to prove 



1 

W\ 



l/<5 

T m {f)(z) - c Q \ 5 dz ) < CM P0 {f)(x) (2.3) 

Q 



for some constant cq to be determined later since \\a\ s - \/3\ s \ < \a - j3\ s for < 5 < 1. 
Following the method used in [18], let fi = ff + ff°, where ff = fiXQ* for alH = 1, • • • , N, 
and Q* = A^JnQ. Then 



N N 



i=l i=l 

E /r(yi)---/rw 

ai,— ,ojvG{0,oo} 
N 

= n^(»)+ E /r(2/i)---/rw, 

i=l ai,--- ,a^[GX 

where I := {ct\, ■ ■ ■ , ajy : there is at least one ai ^ 0}. Write then 

T m (f)(z)=T m (0(z)+ E r -(/i ai >--->/r)W (2-4) 

Applying Kolmogorov's inequality to the first term 

T m (/0)(z) = T m (/ 1 ,... ,f° N )(z), 

we have 

< \\TUf )(m L ^ iQ>dx/m 
N / i /• \1/PQ 

< .M OT (/)(x), 
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since po > 1 and T m is bounded from L Po x • • • x LP to LP°I N , thanks to Proposition 12.51 
In order to study the other terms in (12. 4D . we set now 

C= Y, TmUl 1 ,- ■■,%")(?), 

ai,— ,apj£l 

and we will show that, for any z S Q, we also get an estimate of the form 

E i T -(/r,--- ,/rx*)- r m(/r,--- ,/r)(^i <cm po (/)(^)- (2-5) 

ai,— ,qjv£I 

Consider first the case when a\ = ■ ■ ■ = a at = oo and define 

T m (f°°)(z)=T m (f?,... ,/£>)(*)• 
Let = m(-)^(72 j ), where ^ G y(R Nn ) with supp i/)C{?e R Wn : 1/2 < |f | < 2} and 



We have 



\T m (f^)(z)-T m (f^)(x)\ 
< y~] / |mj(^-yi,--- ,z-y N )-m j (x-yi,--- ,x-y N ) 

N 

-Y[\fi(Vi)\dy 

i=i 

oo „ 

= EE/ l^-^-yi,--- ,z-y N ) 

N 

-rhj(x- yi,--- ,x-y N )\ • \fi{yi)\dy 



i=i 



£4. 



fc=0 

For any fc = 0, 1, 2, • • • , we have 

h = E/ I^O-^,--- ,z-vn) 

N 

-m j (x-y 1 ,--- ,x-y N )\ ■ Y[\ fi(yi)\dy 



=1 



< 



E ( / \rnj(z-y h --- ,z-y N ) 



(2 *+ig*)iV\(2feQ*)iV 
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, \Wo/ r " \W 

-m j (x-y 1 ,--- ,x-y N )\Pody) / \\\fi{yi)\ Po dy) 

/ p N \ l/po 

E J w( / U\fi(yi)\ po dy 



Let h = z — x and Q = x — Q*. We have 



Jj,k = / \rnj(z - yi, ■ ■ ■ ,z - y N ) 

l(2 k + 1 Q*) N \(2 k Q*) N 

. Wo 

-mj(x - yi, - ■ ■ ,x-y N )\ p 'ody 



W 



\™>j(h + yi,--- ,h + y N ) -rhj(yi,--- ,yN)\ p °dy 

(2 k + 1 Q) N \(2 k Q) N 

< 4 [ |^(yi, • • • ,yN)\ p '°dy] 

\Jc 1 2 k l(Q)<\y\<c 2 2 k l(Q) J 

< (2 k l(Q))- s ( [ (47r 2 | 2/1 | 2 + ... + 47r 2 | yj v| 2 ro/ 2 

V J c 1 2 k l{Q)<\y\<c 2 2 k l{Q) 

, \W 
■\rnj(yi,--- ,yN)\ p °dyj 

< (2 k l(Q))- s ( [ (47r 2 | yi | 2 + ... + 47r 2 |^| 2 )^o/2 

\W 

■\2^ Nn m J (2^y 1 , • • • , 2^y N )\^dy) 2^ Nn ^ 



< (2 k l(Q))- s ( f (l + 47r 2 M 2 + ... + 47r 2 | y7 v| 2 ro/2 

V JR Nn 

\W 

■\2^ Nn m j (2^y 1 , ■■■ , 2~iy N )\ p °dy) 2^ Nn / p °-^ 



< 



(2 k l(Q))~ s 2 j( - Nn ^°-^\\m(2 j -)^\\ H s 



where the Hausdorff- Young inequality and Holder inequality are used in the last step since 
K Po < 2 by Proposition El Suppose that 2 - ' < l(Q) < 2~ l+1 . Then we have 

£ sup||m(2^>||^E(2 fc /(Q))- s 2^ Af "/^- s ) (2.6) 
j>i i j>i 

< sup \\m(ROx {1<m<2 }\\H°2- k %Q)- Nn/po - 
On the other hand, we also have 

. Wo 

Jj,k = [ I \™,j(h + yi,--- ,h + y N ) -rnj(y lr -- ,yN)\ p '°dy 



(2 k + 1 Q) N \(2 k Q) N 



/ r / r 1 - \ p '° \ l/p '° 

< / / Ih-Vmjiyx + eh,--- ,y N + 6h)\d9) dy) 

< f ( [ \h- Vrh^yx + 6h,---,y N + eh^dy) ^ d8 

J0 \J(2 k + 1 Q) N \(2 k Q) N J 

< / \h-Vmj{ yi ,--- ,y N )\ p °dy 

\Jc 1 2 k l(Q)<\y\<c 2 2 k l{Q) 



where h = (h,--- , h) £ W ln . Since 

Nn 



h-Vmj(yi,--- ,y N ) = h r d r rhj(yx, ■ ■ ■ , j/at), 



r=l 



we have 



Nn , f f X l/P' 

J j,k < V'(Q) / l^m^yx,--- ,y N )\ p °dy 

" Vi Cl 2feZ(Q)<|j/|< C 22^(Q) 



l{Q){2 k l{Q))- s ( (1 + 4vr 2 M 2 + • • • + 47r 2 | yjv | 2 )^o/2 

~J V ./ill"" 

•|2-^ n a r m,(2-^ l5 • • • , 2-iy N )\ p °dy) 2^ Nn ' p ^ 



< 



Nn 

< ^/(g)(2 fe /(Q))^2^ iV "^- s )2^||m(2^)e^(OII^ 



r=l 



< 



sup 



l m (^)x { i<| f |<2 } ll^/(Q)(2 fc /(Q))- s 2^^-)2^. 



i?>0 

By Proposition 12. 4^ Nn/po > s — 1. It follows that 



^ SU P lk(^)x {1 <| C |< 2} ll^2- fcs /(Q)-^. (2.7) 
Combining the arguments above we get 

CO 

\T m (f™)(z)-T m (f°°)(x)\ < Y, 2 ' k{S ' Nn ' P0)M PnU) 

k=0 

< M po (f). 

What remains to be considered are the terms in (|2.5|) such that = ■ ■ ■ = = 
for some ■ ■ ■ , i 7 } C {1, • • • , N} and 1 < 7 < N. We have 

iTUffV" J N N )(z)-T m (f?\--. ,fZ»)(x)\ 

< E r «*(tfV" J N N ){z)-T m] {f^\... Jt?){x)\ 
j 

- X] IT / \fi(yi)\ d Vi \™.j(z-yi,--- ,z-y N ) 
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-rhj(x-yi,--- ,x-y N )\ ]^[ \fii,yi)\dyi 



OO ~ p 

= II / \fi(yi)\ d y* / \mj(z-yi,--- ,z-y N ) 

j k=0 ,i 7 } *3 (2 fc + 1 Q*\2 fc Q*) JV — ' 

-rhj(x-yi,--- ,x-y N )\ f\ \fi(yi)\dyi 

i£{h,--- ,iy} 

< y^y^i \mj{z - y u - ■ ■ ,z-y N ) 

jtZo \->(Q*)ix{2 k+1 Q*\2 k Q*) N -i 

-mjix-yx,--- ,x-y N )\Pody) / [T l/ifoOP'W • 

Then by similar arguments as above we get that 

i^c/r,-- - ,/r)^- T -(/r,--- <^ P o(/)(^)- 

This completes the proof. □ 
Now we are ready to prove Theorem ll.2i 

Proof of Theorem 11.21 By Proposition 12.11 and Lemma 12.61 we have 

||T m (/)|| LPfe) < \\M s (T m (f))\\ LP{v ^ < C n>p> sM\Ml(T m (f))\\ LP[Vis) 

< c\\M P0 (f)\\L^y 

Now the desired conclusion follows from Proposition 12.21 □ 
Proof of Corollary 11.31 Assume that p\ = min{pi, • • • ,pn} without loss of gener- 
ality. As in [8], we set 

mi = m(-(£i H \- ' >6v)- 

Then we can write 

/ r m (/i,--- ,f N )gdx= / T mi (g,f 2 ,--- ,f N )fxdx (2.8) 

for all fx, ■ ■ ■ , /at G y(M. n ). By a change of variables we get 

sup ||mi(i^)x {1< |£| <2} || Hs(1 >iv„) < C sup ||m(i?0X{i<|^|< 2 }l|j3' s (R JV ™) < 00 • 

Since 1/pi + • • • + 1/pat = 1/p, we have 1/p' + l/p2 + • • • + 1/pn = l/Pr Therefore, 
Nn/s < mm{p' ,p2, • • • ,Pn} due to min{pi, • • • ,pn} < (Nn/s)'. Since 



w ^ Jy i ' 

it follows from Theorem 11.21 that 

N 
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Then by duality and (|2.8p and (|2.9p . we have 

ll r m(/)||LP(„-.) = sup \(T m {fi,--- Jn),9)\ 

= sup \(T mi (g, ■■■ ,/jv),/i)| 

ll9ll LP'(,l^') = 1 

< sup \\T mi (g,f 2 ,--- ,/iv)|| r „/ , i-p' ||/l||z^pif^i) 

v w 1 

N 

1=1 

This completes the proof. □ 

Lemma 2.7 Suppose that m £ L 00 ^") satisfies (fL3j) . t/iat 6 G BMO N and that < 
5 < e < po/N . Then for any go > PO; ^ere exists some constant C > swc/i i/iai 

M 5( T m;f ;(/))W < c[l&[lBj»fo^(M e (r ro (/))(x) + M qo (f)(x)) 

for all N -tuples f = (/i, • • • , /jy) of bounded measurable functions with compact support. 

Proof. By linearity it suffices to consider the case of b = b € BMO. Fix b € BMO 
and consider the operator 

T m ;b(f) = bT m (f) - T m (bfi,f 2 , ■■■ , f N ). 

Fix x 6 M n . For any cube Q centered at x, set Q* = 4i/nQ. Then we have 

r m;6 (/) = (6 - b Q *)T m (f) - T m ((b - b Q *)f x ,h, • • • , /jv). 

Since < 5 < 1, we have 



1 

IQI 



T m;fe (/)(z)r - \ c 
* (^/ Q |r - (/)W - c| S 1/f 



\ 1/8 



. i/s 

5, 



+ f|^r / )/j../2.--- ■ /.v )(•:)- r!'\/.: 

:= J + JJ. 

For any 1 < q < e/£, by Holder and John-Nirenberg inequality, we have 

\ i/q'$ / i r \ l /i s 



w\L lb - b ^' Sdz ) q {wL^ mqSdz ) 



'Q 
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< 



I BRIO 



M e (T m (f))(x) 



Using the similar decomposition as that in the proof of Lemma 12.61 we can write 

N 

n/*(w) = E /r(yi)---/r(^) 

i=l ai,— ,ajv£{0, 00} 

N 

= jl/?(w)+ e /rfei)-/rw, 

Let c = Y, au ...,a N ei T rn{(b-b Q *)fi,f 2 ,--- Jn)(x). We have 

1/5 



II < {^J \Tm{{b-b Q ,)flfl--- ,f° N )(z)\ S dz^ 
+ E (ik f \Tm((p-bQ.)f?,fF t ' 

n .AlWUg 



Oil,— ,Q!JV 



= Hl+ E IIai,-,ajf 

We first estimate J/i. By Kolmogorov's and Holder's inequalities, we have 
Hi < \\T m {{b-b Q »)flf 2: --- ,/° 



< ' 1 



10* 



N )\\LPa/ N >°°(Q,dx/\Q\) 

\ i/po N / -\ r \ l /po 

\(b - bQ^hwrdz) n ^ i/iwrcfaj 



< ll&l| B MO^o(/)(^)- 



Next we estimate II ai: ... t a N . By similar arguments as that in the proof of Lemma 127 
have 

Hai,-,a N 

00 / \ l/po 



< g 2 -M.^»/ P ^_^^ + ^ J( ,,_ 6Q . )/lfol)r . 1(iOT ) 
"/if 



< II»IUmo-M»(/)W- 



This completes the proof. 

Now we are ready to prove Theorem 11.41 
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Proof of Theorem 11.41 By Proposition 12.41 there is some 1 < r' < minjpi/po, ■•• 3 
Pn/po} such that w £ Ap,, r ,y Let qo = por' , by Proposition 12.21 

N 

\\M q M\ LP ^)<Cl[\\fi\\ LPl{w& 
i=l 

By Proposition 12.11 and Lemma 12.61 

||M e (T m (/))|| iPK!) < C n ^\\Ml{T m {f))\\ LP{v ^ 

< c\\M P0 (f)hnv a ) 

Then the desired conclusion follows from Proposition 12.21 and Lemma 12.71 □ 
Proof of Corollary 11.51 By linearity it is enough to consider the case of b = b £ 
BMO. Fix b £ BMO and consider the operator 

T m . b (f) = bT m (f) - T m (bf x J 2 , ■■■ ,f N ). 

Notice that 

/ T m . b (f lr -- ,f N )gdx 
= / T mi (bg,f 2 ,- ■ ■ ,fN)fidx- / T mi (g,f 2 ,-- - ,fN)bfidx 
T mi -b(g,--- ,fN)fldx. 

By similar arguments as that in the proof of Corollary 11.31 we can get the conclusion 
desired. □ 
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